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A Comparative Study on the Accuracy of Euler and Runge-Kutta Methods for
Solving First-Order Differential Equations Using JavaScript
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Abstract

A first-order differential equation is a mathematical equation used in
mathematics, science, and engineering, and it can be solved using various methods.
One commonly used approach is numerical methods, which often rely on computer
programs to enhance the accuracy of solutions. Mathematical software such as
MATLAB and Scilab are frequently used to solve such problems. In this research, the
researcher used the Euler method and the Runge-Kutta method, which are numerical
methods used to solve first-order differential equations, to compare the accuracy of
the two methods through JavaScript programming. The program displays actual values,
estimated values and error values. The results show that Runger-Kutta method is more
accurate than Euler method for actual values, estimated values and error values with

efficient representation through example and display in HTML window.
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<script>
let equationStr = prompt("auas f(x,t) 1y '-x + 2%cos(t)":");
let exactSolutionsStr = prompt("@13%9 x(t) tu 'sin(t) + cos(t)':");

const f = (x, t) => math.evaluate(equationstr, { x, t });
const exactSolution = (t) =» math.evaluate(exactSolutionStr, { t });

const a = Number(prompt(“a (aSwsu t): "));
const b = Number(prompt("b (angavine t): "));
const N = Number(prompt("N (d7uruzhauua): "));
const h = (b - a) / N,

let x@ = Number(prompt("fWEueY x0: "));

let x_euler = x0;
let x_rk = x@;

const tpoints = [], eulerPoints = [], rkPoints = [], exactPoints = [], eulerErrorPoints = [], rkErrorPoints = [];
let resultsHTML = "";

for (let 1 =9; 1 <=N; i++) {
lett=a+1%*h;
let exactX = exactSolution(t);

let eulerError = Math.abs((x_euler - exactX) / exactX);
let rkError = Math.abs((x_rk - exactX) / exactX);

tpoints.push(t);
eulerPoints.push(x_euler);
rkPoints.push(x_rk);
exactPoints.push(exactX);
eulerterrorPoints.push(eulerkrror);
rkErrorPoints.push(rkerror);
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resultsHTML += ~<tr>
<td>${t.toFixed(3)}</td>
<td>${x euler.toFixed(6)}</td>
<td>${x_rk.toFixed(6)}</td>
<td>${exactx.toFixed(6) }</td>
<td>${eulerkrror.toExponential(6) }</td>
<td>${rkerror.toExponential(6)}</td>

</tr> g

// Euler Method
x_euler += h * f(x_euler, t);

// Runge-Kutta 4th Order
const k1 = h * f(x_rk, t);

const k2 = h * f(x rk + 8.5 * k1, t + 8.5 * h);
const k3 = h * f(x_rk + .5 * k2, t + 9.5 * h);
const k4 = h * f(x_rk + k3, t + h);

xrk += (k1 + 2 * k2 + 2 * k3 + ka4) / 6;
it
J

document.getElementById("results™).innerHTML = resultsHTML;

Plotly.newPlot('plot’, [

{ x: tpoints, y: eulerPoints, mode: 'lines’, type: 'scatter', name: 'Euler’ },

{ x: tpoints, y: rkPoints, mode: 'lines’', type: 'scatter’, name: 'Runge-Kutta' },

{ x: tpoints, y: exactPoints, mode: 'lines', type: 'scatter’, name: 'Exact Sclution’, line: { dash: 'dot’ } },

I {
title: "Euler vs Runge-Kutta vs Exact Solution’,
xaxis: { title: 't' },
yaxis: { title: 'x(t)" }

P

</script>
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Numerical Results

‘ t H Euler. HRunge—Kutta .HExact SolutionHEuler ErrorHRunge—Kutta Error‘
0.0001.000000]1.000000 |1.000000 10.000000e+0(0.000000e+0 |
0.100[1.100000/1.104987  [1.104987 14.513022¢-3 |7.659357e-8 |
0.200(1.209450/1.219778 11.219779 18.467191e-3 [1.496028e-7 |
0.300(1.327985/1.343825 |1.343825 11.178768e-2 [2.158809e-7 |
0.400(1.454852/1.476122 1.476122 1.440943e-2 [2.730793e-7

0.500(1.588853]1.615146 1.615146 1.627945¢-2 [3.198712¢-7

0.600(1.728288[1.758818 11.758819 11.735898e-2 [3.560056e-7 |
0.700(1.870929 1.904496 11.904497 11.762527e-2 3.821927¢-7 |
0.800(2.014026/2.049008 |2.049009 |1.707305e-2 (3.998561¢-7 |
0.900(2.154344/2.188741 [2.188742 |1.571567¢-2 4.108100¢-7 |
1.000[2.288261/2.319776 12.319777 11.358591e-2 [4.169330e-7 |
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Numerical Results

‘ t H Euler. HRunge—Kutta .HExact SolutionHEuler ErrorHRunge—Kutta Error‘
0.000(1.000000(1.000000 1.000000 0.000000e+0/0.000000e-+0

0.100/0.900000/0.905163 0.905163 5.703486e-3 | 1.396095¢-7

0.200[0.811000(0.821269  0.821269 |1.250412¢-2 [3.025961¢-7 |
0.300[0.733900(0.749182  [0.749182 |2.039796¢-2 |4.886539¢-7 |
10.400(0.669510/0.689680  [0.689680 [2.924538¢-2 |6.943299¢-7 \
10.500[0.618559(0.643470  0.643469 |3.871255¢-2 [9.117553e-7 |
0.600[0.581703[0.611189  [0.611188 |4.824252¢-2 [1.128090e-6 |
0.700[0.559533(0.593415  [0.593415 |5.709651e-2 [1.326583¢-6 |
0.800(0.552580(0.590672  [0.590671 |6.448856e-2 |1.489716e-6 \
10.9000.561322(0.603431 |0.603430 |6.978234¢-2 |1.603665¢-6 |
11.000[0.5861890.632122  [0.632121 |7.266202¢-2 [1.662057¢-6 |
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